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In the present work we examine a certain moving boundary problem for the 
linear l-dimensional diffusion equation arising in fluid-fluid reaction-diffusion 
system between two chemical components A and B. The local existence and unique- 
ness for the solution is obtained, based in a elegant procedure which is presented 
by E. Bobula and K. Twardowska (Bull. Polish. Acad. Sci. Math. 33, Nos. 7-8 
(1985)). 0 1989 Academic Press, Inc. 
1. INTRODUCTION 
Recently, there have been some works on questions related to mathe- 
matical models in reaction-diffusion systems (see references in [ 1,2] and 
Ref. [ 3-71). 
In this paper we formulate a moving boundary mathematical model as 
a description for a reaction4iffusion system whose sketch is as follows. 
Let A and B denote two chemical reactant components which are able 
to carry out an irreversible and fast chemical reaction according to the 
following assumptions: 
(a) The chemical reaction is such as 
A + B --t C (inert) 
(b) The mass diffusion coefficient of A, D, is much lower than D, 
(the mass diffusion coefficient of B) and both are bounded (positive 
constant). 
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only A and inert 
FIG. 1. Schematic diagram of the reaction4ffusion process 
(c) A and B diffuses to the reaction zone or interface X= S(r) where 
both are immobilized by a chemical reaction. 
(d) No heat of reaction is involved. 
In Fig. 1 a sketch of the reaction-diffusion process which concerns us is 
represented. 
In Fig. 2 we show the formal concentration profiles C, = C,(x, t) and 
C, = C,(x, t) for chemical components A and B. 
We shall suppose that the rate of mass transfer across the boundary 
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FIG. 2. Schematic diagram of concentration protile of chemical species A and B. 
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x = 0, i.e., aC,/dx on x = 0; C, at t = 0; C, on x = 1, and the position of 
the moving reaction interface S = S(t) are given functions. We want to find 
the chemical compositions C,(S(t), t) and C,(S(t), t) on the moving 
boundary. 
We shall prove the local existence and uniqueness of the problem using 
the Rubinstein-Friedman method and applying the Banach fixed point 
theorem (see, e.g., [S]). 
We point out here that the Banach theorem gives us the possibility to 
carry out a calculation of the approximate solution. 
2. STATEMENT OF THE MATHEMATICAL MODEL 
In view of assumptions (a)-(d), the following mathematical system can 
be written for the description of the process in analysis: 
acA D a*c, -= - 
at A ax* 
in L2, = ((x, t):O<x<S(t),O<t<T}, 
(1) 
acB D a*c, -= - 
at B a.2 in Q,~{(x,t):S(t)<x<1,0<t<T}, 
(2) 
CA-? 0) = h(x), Odx<l, (3) 
2 (0, t) = 0, O<t<T, (4) 
cB(l, t, =ftt), O<t<T, (5) 
cA(s(t)T t) = CB(S(f), t), O<t<T, (6) 
-&+(t), t)=&$+(t), t), O<t<T, (7) 
S(0) = 1, (8) 
where we assume that 
(Hl) a2cA/ax2, acA/at, a*CB/ax*, a&/at are COnthUOUS in QI and 
O,, respectively. 
(H2) h(x)oC1(O, l), h(x)>O;f(t)~C’(O, T),f(t)>O. 
(H3) S= S(t) is a non-increasing function: SE C*(O, T), S(O)= 1. 
We call (l)-(8) the problem (P). 
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DEFINITION. We say that C,(x, t), C,(x, t), and S(t) form a solution to 
problem (P) for all t-c T(T< +co) if they satisfy assumptions (Hl)-(H3) 
and Eq. (l)-(8). 
We remark that a problem similar to (l)-(8) but for the case of a heat 
conduction process in the solidification of a 2-component mixture was 
analyzed in [9]. 
3. INTEGRAL FORMULATION 
To begin with, we introduce Green’s function G for Q2 and Neumann’s 
function N for 0,) 
G(x, t, (, 6) = K’*‘(x - 1, t, [ - 1, 6) - Kc2’( 1 -x, t, [ - 1, 6) (9) 
N(x, t, i, 6)=K”‘(X, t, i, S)+ K”‘( -x, t, (, d), (10) 
where the function K(‘) is the known fundamental solution to the parabolic 
equations in (1) and (2); that is, 
with j=B for i=2 andj=A for i= 1. 
Let b a positive number such that b < 1, and g a positive function, 
g E C ‘(b, 1). We shall consider a modified problem (P)’ which is obtained 
from (P) if instead of (3) we put 
and 
CA% 0) = WI, O,<xbb (3)’ 
instead of (8). 
S(0) = b (8)’ 
On the other hand, we must introduce an initial condition for CB such 
as 
C,(x, 0) = g(x), b<x<l (12) 
g(b) = h(b) # 0. (13) 
(The reason for the preceding considerations is related to some mathe- 
matical difficulties in the Rubinstein-Friedman method for S(0) = 0 which 
is equivalent to S(0) = 1 in our case.) Then we can take b + i. 
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Suppose C,(x, t), C,(x, t), and s(t) form a solution of (P)‘. Integrating 
the identities 
-$(NXA)=O (14) 
acL3 
F-G, .CB --&(G.C,)=O (15) 
over the domains O<r<S(6), O<~<d<t--E and S(6)<<<1, O<E< 
6 < t - E, letting E -+ 0, we obtain 
cA(x, t) = f N( x, t, & 0) MC) 4 
+DA 
s 
’ W, t, S(6), 6) 
0 
.$$ (S(6), 6) da 
+j;[N(x,t,S(6),6)% 
-l 
-DAN&, t, s(d), 6) c,@(6), 6)) 
1 
da 
Cd& f) = j’ G(x, 6 t> 0) g(l) dt 
b 
-D, 
s 
’ G(x, t, S(6), 6) 
0 
$$ (S(6), 6) d8 
(16) 
+ x, t, S(@, 6) 
dS(d) 
- Gk t, S(d), 6) 7 1 C,(S(d), 6) d6 
-D, I rdG - (x, t, 1,J) f(S) dh. o at (17) 
We recall (see, e.g., [8]) that if P(I) (0 < t < T) is a continuous function 
and S(t) (0 c t < T) satisfies a Lipschitz condition, then for every 0 < t < T 
we have 
-& lP(x, t, S(6), 6) 1 d6. (18) x=S(t) 
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Taking x+ S(t)- in (161, using (18), it follows that 
+DAG;)(S(t), t, S(6), 6) C,(S(6), 6) 1 da 
+ 20, j’ NS(t), t, S(b), 6) 
0 
x $j$ (S(S), 6) dS. (19) 
Denoting 
U,(6) = 2 (S(6), 8); U*(d) = CA(S(d), 6); U,(J) = -$ CA(S(Q, 6); 
(20) 
differentiating both sides of (16) and (17) with respect to x and letting 
x-+S(t)-, x+S(t)‘, respectively, taking into account (18), we get 
U,(t) + S(r) b U,(t) = 2h(b)[G”‘(S(t), t, b, 0) - G”‘(S(t), t, 1, O)] 
A 
+2D, 
S(J) U3(4 
D 
A 
x Nx(S(t), t, S(d), 6) da 1 - 2bh(b) N,(S(t), t, b, 0) 
f 2 1 ; @“(S(t), t, 5, 0) 
dh 
2 65 
-2 j’s(d) U,(6) HAS(t), t, s(d), 6) dd 
0 
+2 j’ G”‘(S(t), t, S(6), 6) Us(~) dc? 
0 
(21) 
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[U,(t) + 
s(t) U,(t) 
D 
B 
=2[g(b)N”‘(S(t), t, b, O)-g(l)N’2’(S(t), t, LO)] 
+2D,l - U,(6) Gx(S(t), t, S(6), 6) dd 1 
+ 2&(b) GxtS(t), t, b, 0) + 2 s,' N'*'(S(t), t, Lo) $ d5 
-20,~’ Nc2’(S(t), t, S(6), 6) U,(G)dS 
0 
- 2D,g(b) N’*‘(W), t, b, O), 
where 
ff=$N, 
d 
W=d;SG. 
(22) 
(23) 
Then we have obtained the system of integral equations 
U,(t) = Fdf) 
I 
(24) 
1 
U,(t)=-- DA DB 
IS(t) D, -DA 
C/F,(t) - FAt)l, 
where F,(t), F*(t), F3(t) are defined by the right-hand sides of (21), (22) 
and (19), respectively. 
We have thus proved that for every solution CA(x, t) and C,(x, t), of the 
problem (P)‘, U,, U2, U3 defined by (20) must satisfy the system of 
integral equations (24). 
We recall that DB #DA (in our case DA 4 D,). 
Suppose conversely that for some 0 (0 < CT < T), the functions U,, U2, 
U3 (0 < t < a) satisfy the system (24). Then, we can observe that C,(x, t) 
and CB(x, t) defined by (16) and (17) with (aC,/ar)(S(s), a), C,(S(6), a), 
taCB/~t)tst~), 61, CB(S(6), 6) replaced by Ul(6), U,(6), lUlt6), U,(d) 
form a solution of the problem (P’). 
In fact, (l), (2), (3)‘, (4), (5) can be easily verified. Conditions (6) and 
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(7) are satisfied as a consequence of the existence of a fixed point for an 
opportune transformation which will become explicite in the following 
section. 
We have thus proved that (P’) and (24) are equivalent. 
4. EXISTENCE AND UNIQUENESS FOR SMALL TIMES 
We shall prove that the system of integral equations (24) has a unique 
solution for 0 B t < r~, for G a sufficiently small number. 
Let Ct be the space of real continuous functions U on [0, a] with 
the uniform norm )I UI( = ~up~<,~~ U(t)1 and Y,, the space of vectors V, 
V=(U,, U2, U,), where Ur, U2, U, EC:, 
II VII = MaxC sup lW)l, SUP IW)l, SUP W&)11. 
o<r<u o<r<a o<t<a 
We denote by YO,+, the sphere II VII GM, VE Y,. 
On the set Yo,M,. let us define the trasformation W= TV in the following 
way: V(S) = (U,(d), U,(6), U,(6)), W,(t) = TiUi(d), i= 1,2,3. Ti given by 
the respective operators in the right-hand sides of (24). T= (T, T2 T3). 
To begin with, we shall show that 
LEMMA 1. T maps Y,, M into itselJ: 
Proof Let V E Y,.,. Then we have 
I W,(t)l 6 ; t-F,(f) + F,(t)IU 
I Wz(t)l = IFJt)l (25) 
1 
DA DB 
I w3(t)’ ’ (I] S(t) D, -DA 
Cl IF,(t)1 + IF*(l)l I. 
We shall make the estimation of /F,(t)1 explicit, the others are 
analogous. 
First, we recall that it is clear in view of assumption (H3) and condition 
(8)’ that we can make the following considerations on the moving bound- 
ary S(t): 
IS(t)-s(s)1 GL It-4 for every t, 5 E [0, a], (26) 
O<a<S(t),<A < 1, for every t E [0, a]. (27) 
Write 
F,(t)=-‘, +J, +J, +J‘, +J, +J6, (28) 
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where 
J, = 2h(b)[G”‘(S(t), t, b, 0) - G(‘)(S(t), t, 1, 0)] 
J, = 20, j; (U,(6) -‘(‘t@)) N,(S(t), t, S(6), 6) dS 
J, = -2bh(b) N,(S(t), t, b, 0) (29) 
J4 = 2 i b G”‘(S(t), t, l, 0); dt 0 
J, = -2 j’s(6) U,(6) H,(S(t), t, S(6), 6) dc.3 
0 
J, = 2 1’ G”‘(S(t), t, S(6), 6) U,(6) d6. 
0 
We note note that limb _ 1 J, = 0, 
lJ21 <2D, [ 1 1 +$ M”j IN,(S(t), t, S(6), S)l dS; A 0 
since 
we get 
1 J2 1~ B2Mo. A, where B, = 
( D,)&[L+%]’ 1+ L 
where MO is defined as M”=sup{supo~l~~ lU,(t)l, SLI~~~,<~ Iv,(t)\, 
supo<t<o IU,(t)l>. 
In a similar form it can be seen that the integrals J5 and J6 may be 
estimated as IJ5 I < B,M” A, IJ61 < B,M” A. where B, and B, are 
positive constants, depending on DA, A, a, L, b only, and I J, I d B, llhll, 
where 
B, = 
,,,~{‘“-b’[e(A6~b)2~+[e(::i)21)12j 
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Now, we can take b --, l-. Thus we have the estimate 
sup IFl(t)l,< (B, + B, + B,)MO$+ B3 llhll + B, 
I II 
$ . 
In an analogous form, the estimate for IF;(t)/, IF3(t)l can be obtained. 
Finally, from a convenient choice for M and C, we get the inequality 
which completes the proof of Lemma 1. 
Taking into account the structure of (25), it is clear that T is continuous. 
It remains to prove that T is a contraction of Y,,, and so we will have 
that the Banach contraction theorem holds. 
At this point, we can simply refer to the respective proof which is 
presented by E. Bobula and K. Twardowska in [9, p. 3671. 
Hence, we conclude that there exists a unique fixed point to the transfor- 
mation T as announced and then the local existence and uniqueness for the 
solution of the moving boundary problem (1 k(8) follows. 
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